Abstract. Let K and K ′ be 2-knots. Suppose that K and K ′ are ribbonmove equivalent. Then there is an isomorphism TorH 1 (
B ∩ K 1 has the following properties: B t ∩ K 1 is empty for −1 ≤ t < 0 and 0.5 < t ≤ 1. ). B t ∩ K 2 is diffeomorphic to S 1 ∐ S 1 for −0.5 < t < 0. We do not assume which the orientation of B ∩ K 1 (resp. B ∩ K 2 ) is. is equivalent to K 2 . Then we also say that K ′ 2 is obtained from K 1 by one ribbon-move.
If K 1 is obtained from K 2 by one ribbon-move, then we also say that K 2 is obtained from K 1 by one ribbon-move. Definition 1.2. 2-knots K 1 and K 2 are said to be ribbon-move equivalent if there are 2-knots K 1 =K 1 ,K 2 , ...,K p−1 ,K p = K 2 (p ∈ N, p ≥ 2) such thatK i is obtained fromK i−1 (1 < i ≤ p) by one ribbon-move.
In this paper we discuss the following problems. Problem 1.3.
Let K 1 and K 2 be 2-knots. Consider a necessary (resp. sufficient, necessary and sufficient ) condition that K 1 and K 2 are ribbon-move equivalent.
In [13] the author proved: (2)Let K 1 and K 2 be 2-knots in S 4 . Suppose that K 1 are ribbon-move equivalent to K 2 . Let W i be arbitrary Seifert hypersurfaces for K i . Then the torsion part of {H 1 (W 1 ) ⊕ H 1 (W 2 )} is congruent to G ⊕ G for a finite abelian group G.
(3)Not all 2-knots are ribbon-move equivalent to the trivial 2-knot. (4) The inverse of (1) is not true. The inverse of (2) is not true.
Main results
Theorem 2.1. Let K and K ′ be 2-knots. Suppose that K and K ′ are ribbonmove equivalent. Then we have: (1) There is an isomorphism
(2)The Farber-Levine pairing on TorH 1 ( X K ; Z) is equivalent to that on
Note. We review the Alexander module in §3. We review the Farber-Levine pairing in §4. We review the Atiyah-Patodi-Singer-Casson-Gordon-Ruberman Q/Z-valued η-invariants of 2-knots in §5.
3
The Alexander module
be the abelianization. Note that any nonzero cycle x ∈ H 1 (S 4 − N (K); Z) is oriented naturally by using the orientation of K and that of S 4 . We define the canonical isomorphism β : H 1 (S 4 − N (K); Z) → Z by using these orientations of x. Let X ∞ K be the covering space associated with β • α :
−1 ]-module by using the covering trans-
lk( , ) for 2-knots
See [7] [11]for detail. Firstly we review of lk( , ) for closed oriented 3-manifolds. Let M be a closed oriented 3-manifold. Let x, y ∈TorH 1 (M ; Z). Let n (resp. m) be a natural number. Let n (resp. m) be the order of x (resp. y).
Then there is an immersion map f : F −→ M such that (1) F is an oriented compact surface and ∂F is one circle.
We give P i a signature ε i by using the orientation of f (F ), that of Y , and that of M .
Define lk(x, y) =
Proposition. lk(y,x)=lk(x,y).
There is an immersion map g : G −→ M such that (1) G is an oriented compact surface and ∂G is one circle.
We give Q j a signature σ j by using the orientation of g(G), that of X, and that of M . Let
We give R k a signature τ k by using the orientation of g(G), that of f (F ), and that of M . Then we have:
. Secondly we review lk( , ) for 2-knots. Let K be a 2-knot. Let X ∞ K be the canonical infinite cyclic covering space of the complement
Theorem 7.3 of [7] and its proof essentially say that ι :
LetV ξ be the closed oriented 3-manifold which is obtained from V ξ by attaching a 3-dimensional 3-handle along ∂V ξ . The natural inclusion map V ξ →V ξ induces γ :
Define lk(x, y) for the 2-knot K to be lk(x ′ , y ′ ) for the 3-manifoldV ξ . Theorem 7.3 of [7] and its proof essentially say that lk(x, y) for the 2-knot K is independent of the choice of V .
We firstly define η( , ) of closed oriented 3-manifolds. (See P.571 of [15] .) Let A be an oriented compact 4-manifold. For d an integer, set ω = e 2πi d , and suppose φ :
and induces a cyclic cover A → A with a specific choice T : A → A of a generator of the covering translations. Let [12] [5] etc. also apply the G-signature theorem and the η-invariants to n-knots (n = 1, 2, 3, ...).
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Proof of main results
K be the canonical infinite cyclic covering space. There is the natural projection map p :
There is the Meyer-Vietoris exact sequences of Z-homology groups:
and 
Note. P.765 of [7] says that [8] 
Proof. By using the covering translations, we regard ⊕
Furthermore we regard f tor and g tor as homomorphisms of Z[t, t −1 ]-modules. Take V ξ , ι as in §4. Theorem 7.3 of [7] and its proof essentially say that ι :
Let n be the order of x. Then f 1 (n · y) = n · x = 0. We prove that y ∈ ⊕ ∞ j=−∞ TorH 1 (V j × {−1, 1}; Z) in the following paragraphs. There is the Meyer-Vietoris exact sequences of Q-homology groups: (1)
Since
−1 ]-modules by using the covering translations. Then f Q 1 is represented by
Note P (1) = P . Then detP (1) =detP = 0. Hence detP (t) = 0. Hence f Q 1 is injective. Hence we have:
This completes the proof of Claim 6.1. In order to prove our main theorems, we use the (1,2)-pass-moves for 2-knots. See [13] for the (1,2)-pass-moves for 2-knots for detail. Definition 6.2. Let K 1 and K 2 be 2-knots in S 4 . We say that K 2 is obtained from K 1 by one (1,2)-pass-move if there is a 4-ball B ⊂ S 4 with the following properties. We draw B as in Definition 1.1.
(
This diffeomorphism map is orientation preserving.
(2) B ∩ K 1 is drawn as in Figure 6 .1. B ∩ K 2 is drawn as in Figure 6 .2. 
In [13] we proved: (
Let K < and K > be 2-knots. Suppose K < is ribbon-move equivalent to K > . By Theorem 6.3, K < is (1,2)-pass-move equivalent to K > .
In order to prove Theorem 2.1 it suffices to prove Theorem 2.1 when K < is obtained from K > by one (1,2)-pass-move in a 4-ball B ⊂ S 4 .
Claim. There are Seifert hypersurfaces V > for K > and V < for K < such that:
(2) B ∩ V > is drawn as in Figure 6 .3. B ∩ V < is drawn as in Figure 6 .4.
Note. We draw B as in Definition 1.1. We draw V > and V < by the bold line. The fine line means ∂B. B ∩ V > has the following properties: B t ∩ V > is empty for −1 ≤ t < 0 and 0.5 < t ≤ 1.
for 0 < t < 0.5. B∩V < has the following properties: . B t ∩V < is empty for −1 ≤ t < −0.5 and Figure 6 .3. Figure 6 .4.
Proof of Claim.
Put P = (the 3-manifolds in Figure 6 .3) ∩ (∂B). Note P = (the 3-manifolds in Figure 6 .
. By applying the following Proposition to (P ∪ Q) and (S 4 − IntB 4 ) the above Claim holds. By using the obstruction theory, we have the following proposition. ( We can prove it by applying §III of [17] . We can also prove it by generalizing Theorem 2,3 in P.49,50 of [9] . ) The author gives a proof in the Appendix.
Then there is an oriented compact (m + 1)-dimensional manifold P such that P is embedded in X and that ∂P = X.
Let V ≍ be a compact 3-manifold embedded in S 4 whose boundary is S 2 ∐ S 2 with the following properties.
( Figure 6 .5. Figure 6 .5. Let N (∂V ≍ ) be the tubular neighborhood of
Suppose the following maps are inclusion. ( ε = −1, 1. ) The following two diagrams are commutative.
Then f induces a smooth mapf : X → S 1 . Let q ∈ S 1 be a regular value off . Supposef −1 (q) = V ≍ . Take the covering space X of X associated withf . Let f : X → X be the projection map. Put
Suppose the following maps are inclusion. By the above commutative diagrams, the following diagrams are commutative.
By the definition of V > , V < , and V ≍ , it holds that V > (resp. V < ) is obtained from V ≍ by attaching one 1-handle. By the definition of Y > , Y < , and Y ≍ , it holds that Y ≍ is obtained from Y > (resp. Y < ) by attaching one 3-handle. Hence the above commutative diagrams induce the following commutative diagram (ε = −1, 1).
The above commutative diagram induces the following commutative diagram of Z-homology groups:
By using the covering tlanslations, the above commutative diagram is regarded as that of Z[t, t −1 ]-modules. By Claim 6.3, we have exact sequences of
Therefore we have the following commutative diagram of Z[t, t −1 ]-modules.
This completes the proof of Theorem 2.1.(1).
Take V <,ξ V >,ξ as in §4. Then there is an orientation preserving diffeomorphism h : V <,ξ → V >,ξ with the following properties.
(1) The following diagram is commutative
where տ and րare inclusion. 
We can define lk( , ) of K ♯ by using V ♯,ξ (♯ =<, >). We next prove Theorem 2.2. Let ν be a homomorphism H 1 ( X ∞ K ; Z) → Z d . We consider η(K, ν). Suppose K is ribbon-move equivalent to the trivial 2-knot. Take ι and γ as in §5. Then we have the following commutative diagram.
By an elementary discussion on homomorphisms, we have:
The above homomorphism H 1 (V ξ ; Z) → Z is called ζ. 
The above diagram induces the following homomorphism. 
